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In a parabolic approximation, a cr i ter ion has been found for the stability of the dominant mode of a 
sca lar  wave equation for a cubic iner t ia less  medium. The cr i te r ion  obtained is used to demonstrate  the 
stability of one-dimensional  and two-dimensional  modes, and the instability of a three-d imensional  mode, 
with respec t  to smal l  per turbat ions of amplitude and phase. 

One important  problem in the theory  of self-focusing is the stability of s teady-s ta te  solutions of a 
nonlinear wave equation [1-4]. In the present  work an investigation was made of the stability of the domi-  
nant mode in the one-dimensional ,  two-dimensional ,  and three-dimensional  cases ,  with respect  to small  
per turbat ions  of the amplitude and the phase, for a cubic iner t ia less  medium. 

The equation describing the propagation of the enveloping e lec t r ica l  field E of a light beam, in the 
parabolic  approximation, has the fo rm [1] 

0 E  
~ + A2E ~- I F, l~s : 0 (1) ( ~ -  '~-~ + '~''1 

tJx 2 o!i~ / 

where the wave is propagated along the x axis. 

With ~/> 0, Eq. (1) has a denumerable set of solutions of the form E n =An(r) exp(i T z), where A n 
sat isf ies the equation [5] 

d-'. I n 1 d A  n 
d r  "z ~ '  r d r  " T" In  i -  " lna  = 0 (2) 

and the  boundary condi t ions  

t t A n  r -~o  ,, .~ 1'., 
d r  = 0 ,  , I n ( : ~ ) - : 0  , r ~ ( , r - - ~ - ! l - )  - ( ~ = 0 , 1 . 2  . . . .  ) 

Let us consider  the stability of the dominant mode E 0 =Anexp(i 3, z), for which Ao> 0 at all values of 
r and the opera tor  L 0 = - A  2 + T - A o  2 is not negative, where A 0 is an eigenfunction of L 0 with a null eigen- 
value. Since A 0 nowhere rever t s  to zero,  it is a fundamental function of the opera tor  Lo, and the null 
eigenvalue is the least. Substituting into (1) 

E = (A. q- 8,) exp (i';z) (s~ = (u + i~) exl~ (~z)) 

and leaving only t e r m s  of the f i rs t  o rder  with respect  to u and v, we obtain 

~2u : L . ) v  , ~2v = - -  L l u  (Lt~Lo--2ao')  (3) 

Eliminating v from the equations, we ar r ive  at the eigenvalues [3] 

- -  ~ u  = L o L l u  (4) 

Since the opera tor  L 0 has a null eigenvalue, in a complete Hilbert space, the finite inverse opera tor  
L0 -1 does not exist. From (3) it follows that 
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t h e r e f o r e ,  wi th  ~2 # 0, a l l  the  s o l u t i o n s ,  u, of s y s t e m  (3) a r e  o r t h o g o n a l  wi th  r e s p e c t  to A 0 (he re  < A 01 u > 
i s  a s c a l a r  p r o d u c t ) .  Since  s o l u t i o n s  of  s y s t e m  (3) wi th  ~ ~ 0 a r e  u n d e r  d i s c u s s i o n ,  it  is  su f f i c i en t  to i n -  
v e s t i g a t e  Eq.  (4) in the  s u b s p a c e  of func t ions  o r t h o g o n a l  to  A 0. In t h i s  s u b s p a c e ,  the  i n v e r s e  o p e r a t o r  L0 - t  
c an  be a p p l i e d  to  (4). 

- -  ~22 Lo-lu = Liu, <Ao [ u> = 0 

It fo l lows  f r o m  the  v a r i a t i o n a l  p r i n c i p l e  tha t  the  l e a s t  e i g e n v a l u e  of - ~202 i s  equa l  to [6] 

_ ~qo2 = min <~p [ L0_ j ] ~> (<~IA~> = 0) (5) 

With < q [ A  0 > =0,  the  v a l u e  of < q[  L0-![ ~> i s  p o s i t i v e .  T h e r e f o r e ,  i t  i s  su f f i c i en t  to  i n v e s t i g a t e  the  
a r b i t r a r y  m i n i m u m  of  the  func t iona l  G = < q~l Lll  ~ >. If rain G < 0, t h e r e  e x i s t  e x p o n e n t i a l l y  i n c r e a s i n g  p e r -  
t u r b a t l o n s  and  E 0 i s  uns t ab l e ;  i f  rain G >- 0, a l l  v a l u e s  of ~2 a r e  p u r e l y  i m a g i n a r y  o r  equa l  to 0, and  E 0 i s  a 
s t ab l e  so lu t ion .  It w a s  shown in [3] tha t  the  a b s o l u t e  m i n i m u m  of G i s  n e g a t i v e  and,  on t h i s  b a s i s ,  a c o n c l u -  
s ion  w a s  r e a c h e d  wi th  r e s p e c t  to  the  i n s t a b i l i t y  of  E 0. H o w e v e r ,  a n e g a t i v e  c h a r a c t e r  of  the  a b s o l u t e  m i n i -  
m u m  of G is  a n e c e s s a r y  but  not  su f f i c i en t  cond i t ion  f o r  the  e x i s t e n c e  of e x p o n e n t i a l l y  g r o w i n g  p e r t u r b a t i o n s .  
It i s  shown be low tha t  the  a r b f t r a r y  m i n i m u m  of  G i s  e q u a l t o z e r o  and,  by  the  s a m e  token ,  the s t a b i l i t y  of E 0 
wi th  r e s p e c t  to  s m a l l  p e r t u r b a t i o n s  of  a m p l i t u d e  and p h a s e  i s  d e m o n s t r a t e d .  

Us ing  the me thod  of i n d e t e r m i n a t e  L a g r a n g i a n  m u l t i p l i e r s ,  we can ob ta in  an equa t ion  f o r  a funct ion  of 
r m i n i m i z i n g  the  func t iona l  G: 

LI~ = x~ + ~A0 (6) 

w h e r e  )~ and ~ a r e  c o n s t a n t s ,  d e t e r m i n e d  f r o m  the c ond i t i ons  fo r  o r t h o g o n a l i t y  and n o r m a l i z i n g  

<~blAo> = 0 <~[~> = l, m i n G =  min)~ 

E x p a n d i n g  r and A 0 with  r e s p e c t  to  a c o m p l e t e  o r t h o n o r m a l i z e d  s y s t e m  of  e i g e n f u n c t i o a s  L~(LIr n = 
) 'hen)  and s u b s t i t u t i n g  t h e s e  e x p a n s i o n s  into (6), we ob ta in  

The condi t ion < A01~> =0 l eads  to an equat ion fo r  d e t e r m i n i n g  k: 

c o  

l (D = ~ ,  ~"~ - 0 (7) 

A c o m p u t e r  a n a l y s i s  of the  s p e c t r u m  of the  o p e r a t o r  L 1 showed tha t  L 1 has  one n e g a t i v e  e ige nva lue  
l = - 5 . 4 4 Y ,  and a s e c o n d  e i g e n v a l u e  k ,  =0; the  c o r r e s p o n d i n g  e i g e a f u n c t i o n s  a r e  o r t h o g o n a l  wi th  r e s p e c t  

to  A 0. A s  a p r o o f  we d i f f e r e n t i a t e  (2) wi th  r e s p e c t  to  the p a r a m e t e r  7 : 

0.4, ~ A,~ L O A(, 
Lo ~ q- Ao-- 2 . . : l o 2 ~ =  1 - ~ - - q - A , ) = 0  

o r  

LiOAo/Oy = --Ao 

Mul t i p ly ing  (8) on the le f t  by  the  e i g e n f u n e t i o n s  L l c o r r e s p o n d i n g  to  X2=0 , we obta in  

%/~'21 0.,~o \ -- <r = Li [ --~--/2 = <Ll~'2 ] - ' ~ - / )  = 0 0 A ~  \ 

(8) 

It fo l lows  f r o m  th i s  t ha t  c 1 = < r [A0 > = 0. We note tha t  c 1 # 0, s i n c e  r a s  a f u n d a m e n t a l  funct ion  
of  the  o p e r a t o r  Ll ,  does  not  have a nul l  va lue  and cannot  be o r t h o g o n a l  wi th  r e s p e c t  to A0, which  a l so  n o -  
w h e r e  r e v e r t s  to  z e r o .  Thus ,  the  l e a s t  va lue  of 2~0 in Eq. (7) l i e s  b e t w e e n  X1 and ;~3 > 0. To d e t e r m i n e  the  
s i gn  of  X 0 it i s  su f f i c i en t  to  d e t e r m i n e  f ( 0 )  s i n c e ,  in the  i n t e r v a l  )~1 < 2~ < X3 , ( (~ )  r i s e s  m o n o t o n i c a l l y  f r o m  
- ~  t o + o o .  With  f (0 )  > 0 ,  ~0 < 0 , w i t h f ( 0 )  s 0 , x  0>-0 .  

F r o m  (7) and  (8) i t  fo l lows  t ha t  

%~ < 0:,,,, 3 , dI 
] (0)=n=i  ~ ~'---~-~<A~ -i]Ao> = - -  A o ] - - ~ /  ~ -- 2 dT 
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where  I = < A 0 J A 0 > is the ene rgy  of the dominant mode. 

The solution of Eq. (2) can be wri t ten in the fo rm 

A o = V~q% ( g ~ )  

since 
,co cr 

I = 2 ~  t Aoerdr= 2~ I q)o2(p) pdP 
0 0 

does not depend on y and d I /dy  =0. Consequently, f (0)  = 0 and the a r b i t r a r y  min imum of G =0. Thus, all  
the values  of ~2 of p rob l em  (3) a re  pure ly  imag ina ry  or  equal to zero.  A computer  ana lys i s  of s y s t e m  (3) 
a lso  showed the absence  of solutions with r ea l  va lues  of I2 r 0. F r o m  this  the conclusion can be drawn that,  
in a l inear  approximat ion with r e spec t  to the per turbat ion ,  the dominant mode E 0 is stable.  

An analogous t r a in  of reasoning  can be c a r r i e d  through for  the one-d imens iona l  and t h r ee -d imens iona l  
Eq. (2), and it can be shown that  the stabil i ty of the dominant mode is also de te rmined  by the sign of the 
der iva t ive  of its energy  with r e spec t  to the p a r a m e t e r  ~ .  In the one-d imens ional  case  the dominant mode 
has  the f o r m  

the re fo re ,  i ts  ene rgy  is equal to 

A o = V ~ / r  ( V ~ )  ; 

co 
i 2Tdx . I=<A01A0>= ch2(VTx) =4 V T  
0 

dI/dv = 2 / V ~ ' >  0 

Consequently,  the a r b i t r a r y  min imum of G -> 0, and the one-d imens iona l  dominant mode in a cubic 
medium is  s table .  In the th ree -d imens iona l  case ,  the dominant mode can be r ep re sen t ed  in the f o r m  

A0= V T C o ( V ~ - o ,  I=4~  A0=~-dr=---C~ ~,o'(P)P~p 
0 0 

Since 

dI 2~ ~ 

0 

a dominant mode with spher ica l  s y m m e t r y  in a cubic ine r t i a l e s s  medium is unstable.  Computer  ca lcu la -  
t ions have shown that,  in the case  of spher ica l  s y m m e t r y ,  s y s t e m  (3)with fl =5.9 7 has  a solution sa t i s fy -  
ing the boundary conditions 

d u  r ~ o  = d v  r~{} dr ~ = 0 ,  u ( ~ ) = v ( c o )  = 0  

The author  thanks G. V. Skrotski i  for  his valuable evaluation and V. Ya. Ershov  and E. D. Pukhova 
for  help in ca r ry ing  out the compute r  calculat ions.  
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